Introduction
Rabies is a common RNA virus that is transmitted within wildlife causing death to an infected organism after a given incubation period. This virus is a member of the genus Lyssavirus of the family Rhadbdoviridae, and order Mononegavirales [12, 25] . Since the development of an oral rabies vaccine (ORV) for wildlife, attention has been focused on the strategic use of vaccination to contain the spread of rabies.
Today, raccoons have been identified as the most common terrestrial wildlife host of the rabies virus in the eastern United States [12] . Prior to 1998, efforts to control rabies spread were carried out on a state-by-state basis. Control efforts are based on the distribution of ORV baits. Each bait is a plastic package containing the vaccine and coated with fish meal and oil. The vaccine packets are frequently dropped from airplanes flying above a given region inhabited by wildlife [2, 19, 22] . Raccoons are vaccinated by ingesting the vaccine as they consume the fish meal coating [11] . In 1998 federal funds were made available to the US Department of Agriculture, Animal and Plant 44 T. Clayton et al. Health Inspection Service to create a national program to coordinate and enhance rabies control efforts across state agencies [22] . Under this program state-level bait distribution programs were integrated to create a vaccination corridor to contain raccoon-rabies within the eastern US. The vaccination corridor extends from southern Canada southward to the Gulf coast [25] . However, the timing of bait delivery within the vaccine corridor is chosen on an ad hoc basis. In addition, the cost of rabies vaccination is high. In 1996, the reported cost of programs designed to contain the spread of infection exceeded $300 million. In this paper, we develop a mathematical model that provides quantitative insights into the trade-offs between the timing and cost of vaccination.
Ordinary differential equations (ODEs) as well as partial differential equations (PDEs) have been used to model the dynamics of populations that contain the rabies virus. Murray et al. used ODEs to study the dynamics of susceptible and infected foxes in Europe coupled with a PDE describing the dispersal of the rabid class [16] . This paper also discussed various vaccination and culling strategies. In a later paper, an immune class was included affecting the behaviour of periodic outbreaks associated with oscillating tail of the epidemic wave [15] . Evans and Pritchard extended Murray's 1986 model to include a vaccinated class of foxes with the goal of controlling the density of the infected population to be below a predetermined number [6] . An ODE model developed by Coyne et al. , divided raccoons into six categories: susceptible, exposed, infected, rabid, naturally immune, and vaccinated [4] . The results of this research showed the least expensive control strategy involved exclusively either culling or vaccination. A combined approach is cheaper only when the per capita cost of vaccination is less then 20% of the per capita cost of culling.
A stochastic spatial model developed by Smith, et al. described the spread of rabies in Connecticut [23] . Results from this model suggest that rivers act as a semipermeable barrier to the spread of rabies resulting in a seven fold reduction in the rate of spread. A reanalysis of the Connecticut data considered the influence of habitat and long-distance translocation events [24] . The results of the reanalysis suggest that rivers interact with the degree of forest cover to further reduce the spatial spread of raccoon rabies [24] . The model results also suggest that long-distance translocation events do not produce new foci of infection [24] . The stochastic model used in these analyses is based on a spatial network defined by the locations of townships within Connecticut [23] . Townships are categorized as either undocumented or infected and the spread of infection was represented as a transition from the undocumented class to the infected class. This stochastic spatial model was used by Russell et al. to analyse data from Ohio [21] . In 2004 rabies was detected in Lake County Ohio and the model results suggested that rabies would spread across Ohio in as little as 36 months [21] . Members of this team later authored another paper using an ODE model to show that the spread of rabies may be controlled by distributing vaccine behind barriers such as rivers [20] .
Asano et al. first applied optimal control to a system modelling an infected raccoon population [2] . This SIR model included the three classes in nine spatial compartments giving a total of 27 ODEs. Results showed that a higher rate of vaccination is needed for a large population and a lower rate with a higher cost. Recently, Ding et al. investigated the distribution of vaccine baits in a rabies epidemic in raccoons, with a model, discrete in time and space [5] . The results showed that distribution of vaccine depended on the location of the rabies infection. If the virus is detected in the middle of a patch, vaccine is applied heaviest to the centre of the spread of infection. If the infection is observed in a corner of a patch, the distribution of the vaccine is given around the edges to prevent the spread of the infection.
In some raccoon populations, mating and parturition only occur during specific times of the year [9] . A more realistic model could include a 'birth pulse' where organisms are added to a population during a specific time interval. Many models use the term 'pulse'to mean the population has a discontinuous jump at a particular time [8, 18, 26] . Here the population is continuous in time with an expected increase in animals for a period of time during the year; the increase comes from Downloaded by [Middle Tennessee State University] at 12:29 17 January 2013 a step function pulse in the derivative. An important new feature of this work is the investigation of the effects of a birth pulse on the timing of vaccine delivery through the analysis of a pulsed system of ODEs. One of the conclusions will show that the distribution of the vaccine depends on the time that the rabies infection is detected relative to the birth pulse. The closer the detection is to the time of the seasonal births, the longer the distribution of vaccination must be sustained. Our approach uses optimal control strategies for a model system that includes the dynamics of the vaccine. Including a dynamic equation for the level of the vaccination is another novel feature. The goal is to find optimal strategies for distributing vaccine packets to minimize the size of the infected population and the cost of implementing the control. The effect of the birth pulses on this strategy is investigated.
The basic model is introduced in the next section followed by a discussion of the dynamics of the vaccine. Then we describe the existence of solutions for the corresponding adjoint system and an optimal control. Numerical results are reported in Section 3 for various scenarios with Section 4 considering the possibility of having a limited amount of vaccine available for distribution. We conclude with a summary and interpretation of the numerical simulations.
The epidemic model with vaccine dynamics
Various kinds of seasonal forcing have been shown to influence biological systems with infectious diseases [1, 10] . The periodic effect of annual birth pulses is a kind of forcing that occurs at the same time each year. It is assumed that raccoons give birth during the spring time of the year, March 20-June 21. For a 365 day year starting from January 1, we have March 20 as day 79 and June 21 as day 172. The entire birth pulse is 93 days. There are four classes of raccoons, S susceptibles, E exposed, I infecteds, and R immune, in this model. The system of ordinary differential equations also includes the dynamics of the amount of vaccine available:
where V is the amount of the vaccine at time t and the control u is the rate of vaccine distribution. The birth pulse occurs on the set = ∞ k=0 [t k , t k+1 ], t k = 79 + 365k and t k+1 = 172 + 365k. Any raccoon that can transmit the rabies virus, will be in the infected class, designated as I . A population of raccoons that does not have the rabies virus but has the potential to contract the disease will be called susceptible and is identified as S. When a susceptible becomes exposed to the rabies virus, an incubation period occurs during which time the raccoon does not immediately have the ability to transmit the disease but is only a latent carrier of the disease. The average time of this incubation period is 1/α. This class will be called exposed and represented as E. The interaction between the susceptible and exposed classes is expressed symbolically as βI S where βI S is the rate that a member of the susceptible class becomes infected.
It is assumed that a small percentage of exposed raccoons will develop a natural immunity to the rabies virus, designated 1 − ρ, where ρ is the percentage that die from the disease. The per capita birth rate per day is a during the birth pulse. During the spring, the S, E, R classes are able to give birth, and the birth rate is represented symbolically as
a[S(t) + E(t) + R(t)]χ(t)
where χ(t) [t 0 ,t 1 ] is a characteristic function with t 0 , t 1 corresponding to March 20 and June 21, respectively. All births enter the susceptible class. Raccoons die of non-rabies causes at a per capita rate per day of b. The total population at any time is N = S + E + R + I with a dynamical equation of
If vaccine baits are introduced into the environment, it is assumed that they are eaten by the susceptible raccoons with a conversion rate to the immune class as c 0 V /(K + V ). This term gives a saturation effect due to the foraging of raccoons from the baits. The constant K is a 'half-saturation' constant, the value of V such that V /(K + V ) becomes 1 2 . The vaccine baits are depleted by being eaten by the raccoons, other wildlife or natural decay. The rate at which the baits are eaten by S, E and R, is c. Otherwise, the baits are eliminated at a rate of c 1 due to other causes, like natural decay or consumption by other animals. The control u is the rate of vaccine distribution.
Since the right-hand sides of the state equations are measurable in t and continuous in the state and control variables, there exists a solution to the system by Theorem 9.2 of [14] . The structure of the systems is such that when To minimize the infected population as well as the cost of the vaccine, the objective functional is
The set of all admissible controls is
where M 1 is a positive constant and the upper bound of u. The coefficient A converts the number of infected raccoons into a cost. If we divide the objective functional by A, we will obtain the same optimal control. So the rate B/A would be the crucial parameter, and thus we take A = 1. The cost coefficient B is a weight factor balancing the two terms. When B is large, then the cost of implementing the control is high. We seek to find u * in U such that
Using a standard existence result from [7] , there exists an optimal control u * ∈ U which minimizes the objective functional J (u).
To use Pontryagin's Maximum Principle [17] , we form the Hamiltonian, grouped in terms of u 
with λ i (T ) = 0, for each i, and
where the singular control is given by
Furthermore, the generalized Legendre Clebsch condition is satisfied for this singular control giving necessary conditions when the optimal control is singular.
Proof Suppose u is an optimal control and S, E, I, R, V are corresponding state solutions. Using the result of Pontryagin's Maximum Principle [17] , there exist adjoint variables
The behaviour of the control may be obtained by differentiating the Hamiltonian with respect to u, giving at time t, 
Since c 1 is positive and the state variables are positive, Equation (2.9) implies
Differentiating λ 5 with respect to t yields
Substituting for V gives
Since λ 5 = 0 on (a 1 , b 1 ), solving the above equation for u,
Substitution for S + E + R and λ 1 − λ 3 into the expression for u with λ 5 = −B,
Grouping terms, the singular control is
Since λ 5 does not contain any u terms and λ 5 does contain u, this singular control has order 1.
The generalized Legendre Clebsch condition [13] in a minimization problem with a singular control of order 1 is a necessary condition for the singular control to be optimal. Our model has a singular control of order 1 and satisfies the generalized Legendre Clebsch condition:
Numerical results
Values of the below parameters are based on the non-control case in [4, 21, 23, 24] . The parameters pertaining to the populations are: a = 0.006 per day birth rate (constant per capita); b = 0.002 per day death rate (constant per capita); 1/α = 1/0.18 average time raccoon spends infectious; βI = 0.01I infection rate; 1/σ = 1/0.02 average time from infection until raccoon is infectious or recovers; ρ = 0.98 fraction that die from rabies.
The death rate b was chosen to maintain a disease-free population near the initial condition for a period of one year. The numerical results involving the optimal control below were obtained using an iterative method with a 4th-order Runge-Kutta scheme programmed in Matlab to solve the optimality system. Starting with the initial conditions S 0 , E 0 , I 0 , R 0 , V 0 and an initial guess for the control, forward sweeps with the Runge-Kutta scheme were used to obtain approximate solutions for the state equations. Using those state values, the solutions of the adjoint equations were approximated using backward sweeps from the final time condition, λ 1 (T ) = λ 2 (T ) = · · · = λ 5 (T ) = 0. The control is updated using the control characterization. Iterations continue until convergence occurs, i.e., successive values of all variables from current and previous iterations are sufficiently close. To help justify the bang-bang feature of the control, |λ 5 + B| was used to verify the output of the control variable. But in our numerical results, the singular case does not occur. Note that the upper bound of the control is taken to be 1. Large upper bounds were also used given similar results in patterns, but with a small number of days of distribution.
In response to an outbreak that is detected, there will in general be a rapid response of public health agencies to limit the potential spread of the disease. We therefore focus here on numerical examples on short-term response solutions using a duration of 28 days. A longer period of analysis could readily be analysed using the same methods. Due to the short-time period used in these results, we do include immigration or emigration effects. We take the geographic area under consideration as 100 km 2 with initial populations of 1000 susceptibles and 40 infecteds, i.e., S 0 = 1000, I 0 = 40. It is also assumed that no exposed or immunes are initially present.
With the same initial number of susceptibles, we now introduce 40 infected raccoons on March 14, the 73rd day of the year. The time period begins on March 14 for a duration of 28 days with the birth pulse starting on March 20 (which is the 7th day of this period). Since without any control the susceptibles quickly decrease in number, a logarithmic scale is used for the susceptibles in order to observe the effect of the pulse. Figure 2 shows the susceptibles quickly moving into the exposed class and the number of infecteds doubling approximately 12 days into the interval. Note the relatively small number in the immune class arising from the low rate assumed for natural immunity. When vaccine and the associated cost are included in the optimal control problem, the immune class increases due to the vaccination strategy. For example, under the same starting day (March 14) and the same initial conditions S 0 = 1000, I 0 = 40, R 0 = 0 = E 0 and a cost coefficient B = 10 −2 , the optimal control u is at 1 during days 1 − 22, as seen in Figure 3a . For a cost coefficient B = 10 0 and the same initial conditions, the control u is at 1 for days 1 − 9. The results are displayed in Figure 3b . Thus, less control is seen due to the higher cost.
Various numerical solutions were carried out which varied the position of the start of the outbreak with respect to the birth pulse. Figure 4a shows the results if the 28 day interval begins on March 1 (which is 19 days before the birth pulse starts). In this case vaccine is distributed for 12 days after the infection is detected and then resumes at the beginning of the birth pulse and continues for March 21-25. This case illustrates the importance of considering policies with a second round of vaccine distribution following the start of the birth pulse. If the disease is detected a month before the birth pulse, then the optimal amount of vaccine is distributed for the first 12 days only (Figure 4b) . A second round of vaccination distribution is not needed in this case because the time period is constrained to be prior to the birth pulse.
To investigate the dependence of the results on parameters which are not well-determined and have a range of possible values [4, 21, 23, 24] , additional simulations were made using the following: a = 0.014 per day birth rate (constant per capita); b = 0.004 per day death rate (constant per capita); 1/α = 1/0.07 average time raccoon spends infectious.
Recall that for the disease-free case, the susceptible differential equation is
For t = 365 and t 1 − t 0 = 93, we obtain b = 93a/365. If the birth rate a = 0.014, then the death rate b ≈ 0.004. Other parameters remained unchanged. Note that the maximum number of raccoons in a numerical simulation of a period without disease is significantly larger than with the old parameters.
Forty infected raccoons introduced into the susceptible population on March 14 (the 73th day of the year) for 28 days yields a greater number of infecteds across time. The results are displayed in Figure 5 .
With the new parameters in Figure 6 and starting on March 14, more infected occur compared to the results of Figure 3a with a cost coefficient of B = 10 −2 . The optimal controls are very similar. Now starting on March, Figure 7 shows again a larger number of infected compared with Figure 4a and show similar control results.
We also investigated numerical solutions for a model which included density dependence in the mortality. The terms, −bS, −bE, −bR, were replaced by −bS(S + E + R), −bE(S + E + R), 
−bR(S + E + R).
The numerical results when density dependence of this form was included were very similar to the results shown here without density dependence. Thus, although the exact quantitative values for the optimal control vary somewhat for different models for underlying population dynamics associated with mortality rates, the qualitative behaviour of the optimal control solution is quite similar. Thus, we surmise that if the demographics of the raccoon population are not known precisely, the optimal control results can still give a type of 'rule of thumb' policy in terms of distribution of vaccine near the time of the birth pulse. 
Since the objective functional is 
with no boundary conditions, since the new state variable z has two boundary conditions. The optimal control may be characterized similarly as in Equation (4).
We completed numerical results in this case for the original set of parameters and illustrate based upon one set of parameters. The numerical algorithm requires another iteration due to the need to find the constant value of λ 6 that gives the correct integral condition on u * . The target integral value was taken to be z(T ) = 10 for the simulations below. Figure 8 shows the results for an interval (a) with no birth pulse and for an interval (b) with the 28 day interval beginning on March 14 (which is 6 days before the start of the birth pulse b). The results show that the optimal control may be maintained during the first 10 days when no birth pulse occurs in case (a), but requires a brief cessation in the middle of case (b). Of course, when comparing these results to the previous cases with linear costs in the objective function, there are more or less days of vaccination in the optimal control depending on the cost parameter B. 
Conclusion
The models developed and analysed here included several new aspects to incorporate more realistic assumptions about rabies spread in racoons, with emphasis on developing optimal control schemes to determine the 'best' methods to constrain the spread of the disease once it is detected. The new components incorporated include an exposed class, an explicit birth pulse which occurs seasonally, and dynamics of the vaccine packets associated with uptake by racoons as well as loss due to other factors. The key results derived illustrate the dependence on the optimal timing of distribution of vaccine packets on the timing of disease detection relative to the birth pulse. While the exact optimal timing results vary with parameter assumptions, there are a number of general results Downloaded by [Middle Tennessee State University] at 12:29 17 January 2013 which appear to be rather robust based upon the illustrations presented here and numerous other cases also investigated [3] .
One general result concerns a type of 'rule of thumb' arising from investigation of the effect of the birth pulse on the timing of vaccine delivery which may be useful in developing policies for vaccine distribution following an outbreak detection. If the infection is detected near the start of the birth pulse, the optimal control distributes the vaccine immediately for a certain period of time. If the infection is detected a few weeks before the birth pulse, the optimal distribution of vaccine begins immediately, stops briefly and then resumes for a certain period of time. If the distribution starts at about March 1 or about 3 weeks before the start of the birth pulse, then under most situations (e.g. for most parameter sets investigated) a second round of vaccine distribution is optimal after the start of the birth pulse.
If the birth pulse occurs soon after the disease detection and the start of the vaccination distribution, the optimal treatment is necessary for a longer period of time. Thus, if the disease were detected and distribution started at about March 14, more days of vaccine distribution are optimal than if the detection occurred on an earlier date. The closer the detection of the rabies outbreak is to the start of the birth pulse, the longer the period of optimal distribution of vaccine is projected to be.
For other parameters fixed, the optimal number of days to distribute the vaccine decreases with higher cost. The general qualitative results noted above arise as well when costs are accounted for in a different manner, by assuming there is a fixed total amount of effort allowed on vaccine distribution. The qualitative behaviour of optimal solutions appears to be robust relative to differing assumptions about vaccine distribution costs.
Our examples focused on a 28 day total duration for the control period. In this situation, the number of infecteds is never completely eliminated, but if the optimal policy for vaccine distribution is followed, more raccoons join the immune class and that number exceeds the population of the infected class. The period for which the optimal solution is calculated can readily be extended using the same methodology presented here, but in this case additional assumptions must be made about immigration and emigration rates, which were ignored here due to the short duration of the time period considered. Sufficient input of new susceptibles due to immigration can effectively act as another 'birth pulse' however and thus if net immigration is positive over some extended time period, the effect would be similar to a longer birth pulse. If net immigration included infected or exposed individuals, then we expect that the period of optimal vaccine distribution would be lengthened, though we have not investigated this situation.
Taking account of different mortality assumptions, through inclusion of density-dependence in this model component, did not qualitatively change the nature of the optimal control solution for vaccine distribution. This robustness of the optimal solution for alternative model forms was only investigated for a few parameter sets however, so there may be situations in which alternative assumptions about mortality have larger qualitative impacts. Our results do provide some hope however that even if the exact demographic details of population dynamics are not well-specified, the general patterns of optimal control would still apply.
A major use of general models such as those presented here is to evaluate under simplifying assumptions what the 'best' policies would be to limit disease spread. As such they also allow elaboration of how much 'worse' the impact of the disease would be (measured for example in terms of total number of deaths resulting from disease over the chosen time horizon) if the policy chosen were off by a small or large amount from the optimal one (measured for example in terms of the period for which the vaccine is distributed). This is useful for policy decisions in which there are uncertainties about the details of demographics or transmission assumptions in that they can provide a basis for determining how much effort might be effectively devoted to obtaining more accurate data (e.g. through surveillance methods) rather than expending effort on further vaccination. Expansion of the methods developed here to account for the trade-offs Downloaded by [Middle Tennessee State University] at 12:29 17 January 2013 in expenditure for surveillance versus vaccination could well be a very important contributor to establishing policy decisions regarding wildlife infectious disease management.
